Abstract. Let (R, m) be a Noetherian local ring and M a finitely generated R-module. We say M has maximal depth if there is an associated prime p of M such that depth M = dim R/p. In this paper, we study finitely generated modules with maximal depth. It is shown that the maximal depth property is preserved under some important module operations. Generalized Cohen-Macaulay modules with maximal depth are classified. Finally, the attached primes of H i m (M ) are considered for i < dim M .
Introduction
Let K be a field and (R, m) be a Noetherian local ring, or a standard graded K-algebra with graded maximal ideal m. Let M be a finitely generated R-module. A basic fact in Commutative algebra says that depth M ≤ min{dim R/p : p ∈ Ass(M)}.
We set mdepth R M = min{dim R/p : p ∈ Ass(M)}. For simplicity, we write mdepth M instead of mdepth R M. We say M has maximal depth if the equality holds, i.e., depth M = mdepth M. In other words, there is an associated prime p of M such that depth M = dim R/p. Cohen-Macaulay modules as well as sequentially Cohen-Macaulay modules are examples of modules with maximal depth. Of course this class is rather large. In Example 1.6 the ring R is not sequentially CohenMacaulay and has maximal depth. This concept has already been working with several authors and some known results in this regards are as follows: If I ⊂ S is a generic monomial ideal, then it has maximal depth, see [10, Theorem 2.2] . If a monomial ideal I has maximal depth, then so does its polarization, see [6] .
In this paper, we study finitely generated modules to have maximal depth. Some classifications of this kind of modules are given.
In the preliminary section, we give some facts about mdepth M. For the dimension filtration F : 0 = M 0 ⊂ M 1 ⊂ · · · ⊂ M d = M of M, we observe that all the M i have the same mdepth, namely this number is the smallest j for which M j = 0. From this fact, we deduce that if M is sequentially Cohen-Macaulay, then M has maximal depth, see Proposition 1. 4 .
In Section 2 , we show that the maximal depth property is preserved under tensor product, regular sequence and direct sum. Let A and B be two Noetherian algebras over an algebraically closed field K. Let M and N be nonzero finitely generated modules over A and B, respectively. We set R := A ⊗ K B. Then by using a result of [7] we show M ⊗ K N as R-module has maximal depth if and only if M and N have maximal depth.
Next, it is shown that if M has maximal depth and x = x 1 , . . . , x n is an Msequence in R, then so does M/xM. The converse is not true in general, see Example 2.5.
In the following section, we observe that if M has maximal depth with depth M > 0, then H depth M m (M) is not finitely generated, see Proposition 3.3. This is used to classify all generalized Cohen-Macaulay modules with maximal depth. In fact, we prove the following: Let M be a generalized Cohen-Macaulay module with depth M > 0. Then M has maximal depth is equivalent to say that "M is sequentially Cohen-Macaulay" and this is the same as "M is Cohen-Macaulay".
If M is sequentially Cohen-Macaulay and H At the end of this section we consider the following fact in [11] . For a finitely generated R-module M, one has Ann R (M/pM) = p for all p ∈ Var(Ann R M). The dual property of this fact for an Artinian module L is :
In [11] it is shown that the local cohomology module H 
Preliminaries
Let K be a field and (R, m) be a Noetherian local ring, or a standard graded K-algebra with graded maximal ideal m. Let M be a finitely generated R-module. It is a classical fact that depth M ≤ min{dim R/p : p ∈ Ass(M)}, see [2] . We set mdepth R M = min{dim R/p : p ∈ Ass(M)}. In other words, there is an associated prime p of M such that depth M = dim R/p.
Cohen-Macaulay modules are obvious example of modules of maximal depth. If depth M = 0, then M has maximal depth. In particular, any non-zero Artinian module N has maximal depth. Indeed, let p ∈ Ass(N). The exact sequence 0 → R/p → N of R-modules implies that R/p is an Artinian domain. It follows that R/p is a filed and hence m ∈ Ass(N). Therefore depth N = 0.
Notice that, if M is unmixed, then M has maximal depth if and only if M is Cohen-Macaulay. This is a known fact that sequentially Cohen-Macaulay modules have maximal depth. In the following, we give some facts about mdepth M and hence deduce that sequentially Cohen-Macaulay modules have maximal depth.
Let
is uniquely determined as follows, see [13] . Fact 1.2. Let M be a finitely generated R-module and F be the dimension filtration of M. Then
For all i, we set Ass
The following characterization of a dimension filtration is given in [8] . 
If M admits a CohenMacaulay filtration, then we say M is sequentially Cohen-Macaulay. Note that if M is sequentially Cohen-Macaulay, then the Cohen-Macaulay filtration is just the dimension filtration.
Proof. We first show that mdepth M = t. By Fact 1.3, Ass(M t ) = Ass t (M). Hence dim M t = t; so there exists p ∈ Ass(M t ) such that dim R/p = t. Suppose mdepth M = s. As p ∈ Ass(M), it follows that s ≤ t. If s < t, then M s = 0. Hence Ass s (M) = ∅ by Fact 1.3, which is a contradiction. Therefore, mdepth M = t. Now observe that
Thus, mdepth M i = t for i = t, . . . , d.
To show the second part, let M be sequentially Cohen-Macaulay. Thus the dimension filtration of F is the Cohen-Macaulay filtration. As M t is Cohen-Macaulay, it has maximal depth and so depth M t = mdepth M t . Since M is sequentially CohenMacaulay, it follows that depth M i = depth M for all i, see for instance [12, Fact 2.3] . Thus depth M = depth M t = mdepth M t = mdepth M, as desired. Remark 1.5. In Proposition 1.4, we observe that
In a dimension filtration F , one has Ass(M t ) = Ass(M) − Ass(M/M t ), see [13] .
In the following, we give an example which is not sequentially Cohen-Macaulay and has maximal depth. Moreover, in the dimension filtration not necessarily all the M i have the same depth. Example 1.6. Let S = K[x 1 , . . . , x 8 ] be the standard graded polynomial ring with the unique graded maximal ideal m = (x 1 , . . . , x 8 ). Let C 8 be the cycle graph of length 8 and I its edge ideal in S. Thus,
By using, CoCoA [3] , the ideal I has the minimal primary decomposition I =
, p 9 = (x 1 , x 3 , x 4 , x 6 , x 7 ) and p 10 = (x 2 , x 4 , x 5 , x 7 , x 8 ). We set R = S/I. Fact 1.2 provides the dimension filtration
for R where R 3 = (p 1 ∩ p 2 )/I and R 1 = R 2 = 0. By Remark 1.5,
Hence, mdepth R 3 = mdepth R = 3. By [9, Corollary 7.6 .30] we have depth R = 3(or using CoCoA [3] ). Therefore, R has maximal depth. We claim that depth R 3 = 2. Consider the exact sequence 0 → R 3 → R → R ′ → 0 where R ′ = R/R 3 ∼ = S/(p 1 ∩ p 2 ). One has depth R ′ = 1. Hence the Depth lemma yields depth R 3 = 2. So in the dimension filtration R 3 and R 4 have different depth. The ring R is not sequentially Cohen-Macaulay, because in the dimension filtration of R the quotients R 3 /R 2 and R ′ = R/R 3 are not Cohen-Macaulay. Indeed, 2 = depth R 3 = dim R 3 = 3, and 1 = depth R ′ = dim R ′ = 4. Note also that the only sequentially Cohen-Macaulay cycles are C 3 and C 5 , see [5] . Remark 1.7. It is natural to define the following notion: A dimension filtration F :
Tensor product, regular sequence and direct sum
In this section, we show that the maximal depth property is preserved under some important module operations.
Let A and B be two Noetherian algebras over a field K such that R := A ⊗ K B is Noetherian. The following fact gives the associated primes of R-modules of the form M ⊗ K N, where M and N are nonzero finitely generated modules over A and B, respectively. Proof. We set L = M ⊗ K N and suppose L has maximal depth. Thus there exists p ∈ Ass(L) such that depth L = dim R/p. This is a known fact that depth L = depth M + depth N. Fact 2.1 provides p = p 1 + p 2 where p 1 ∈ Ass A (M) and p 2 ∈ Ass B (N). Consequently,
Since depth M ≤ dim A/p 1 and depth N ≤ dim B/p 2 , it follows that depth M = dim A/p 1 and depth N = dim B/p 2 , and hence M and N have maximal depth. The converse is proved in the same way with using again Fact 2.1.
Next, we have the following Proposition 2.3. Let M be an R-module which has maximal depth. Let x ∈ R be an M-regular element. Then M/xM has maximal depth.
Proof. By our assumption, there exists p ∈ Ass(M) such that depth M = dim R/p. We may assume depth M > 1. For p ∈ Ass(M) we choose z ∈ M such that Rz is maximal among the cyclic submodules of M annihilated by p. As in the proof of [2, Proposition 1.2.13] we see that p consists of zero divisors of M/xM. Thus p ⊆ q for some q ∈ Ass(M/xM). Note that x ∈ q. Since x is M-regular, it follows that x ∈ p. Hence p = q. Observe that
Consequently, depth M/xM = dim R/q where q ∈ Ass(M/xM).
Therefore, M/xM has maximal depth, as desired.
Corollary 2.4. Let M be an R-module which has maximal depth. Let x = x 1 , . . . , x n ∈ R be an M-sequence. Then M/xM has maximal depth.
The following example shows that the converse of Proposition 2.3 is not true in general.
Example 2.5. Let S = K[x 1 , x 2 , x 3 , x 4 ] be the standard graded polynomial ring with the unique graded maximal ideal m = (x 1 , x 2 , x 3 , x 4 ). We set R = S/I where I = p 1 ∩ p 2 with p 1 = (x 1 , x 2 ) and p 2 = (x 3 , x 4 ). The element x = x 1 + x 3 ∈ S is R-regular. Consider the following isomorphism R/xR ∼ = S/(I, x).
Using Macaulay2 ([4]) gives us the associated primes of T = S/(I, x) that is
One has that depth T = mdepth T = 1. Hence R/xR has maximal depth. On the other hand, depth R = 1 and mdepth R = 2. Thus, R has no maximal depth. 
Ass(M i ), it follows that p ∈ Ass(M s ) where depth M s ≤ depth M k for all k. Indeed, otherwise p ∈ Ass(M l ) for some l and there exists h such that depth M h < depth M l . Hence depth M s ≤ depth M h < depth M l ≤ dim R/p, a contradiction. Therefore, the conclusion follows. The other implication is obvious. ) is finitely generated. Therefore, R is generalized Cohen-Macaulay. As depth R = 1 and mdepth R = 2, the ring R has no maximal depth.
We end this section with the following remark 
Localization and Attached primes
In this section, (R, m) is a local ring and M a finitely generated R-module. We recall the following known fact as Depth Inequality. 
Fact 4.1 explains the first step in this sequence and the remaining steps are standard. Consequently,
Therefore, M p has maximal depth. Furthermore, the desired equality also follows. 
Proof. As p ∈ Supp(M), there exists q ∈ Ass(M) such that q ⊆ p. Since M is Cohen-Macaulay, it is unmixed and so depth M = dim R/q. Hence q ∈ Assd(M). Thus the assumption of Proposition 4.2 is satisfied. Therefore, the conclusion follows.
Recall that by Assh(M) we mean the set of all associated primes p ∈ Ass(M) such that dim R/p = dim M. The attached primes of top local cohomology module are known. In fact, 
